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Abstract 

Generalized pseudostandard words were introduced by de Luca and De Luca in 
2006 [7]. In comparison to the palindromic and pseudopalindromic closure, only 
little is known about the generalized pseudopalindromic closure and the associated 
generalized pseudostandard words. In this paper we provide a necessary and suf¬ 
ficient condition for their periodicity over binary and ternary alphabet. More pre¬ 
cisely, we describe how the directive bi-sequence of a generalized pseudostandard 
word has to look like in order to correspond to a periodic word. We state moreover 
a conjecture concerning a necessary and sufficient condition for periodicity over any 
alphabet. 

Keywords: palindrome, palindromic closure, pseudopalindrome, pseudopalindromic 
closure, pseudostandard words 


1 Introduction 

This paper focuses on a recent topic of combinatorics on words: generalized pseudostan¬ 
dard words. Such words were dehned by de Luca and De Luca in 2006 [7] and generalize 
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standard episturmian words, resp., pseudostandard words - instead of the palindromic 
closure, resp., one pseudopalindromic closure, an infinite sequence of involutory antimor- 
phisms is considered. While standard episturmian and pseudostandard words have been 
studied intensively and a lot of their properties are known (see for instance [2, 3, 6, 7]), only 
little has been shown so far about the generalized pseudopalindromic closure that gives 
rise to generalized pseudostandard words. In the paper [7] the authors have defined the 
generalized pseudostandard words and have proven there that the famous Thue-Morse 
word is an example of such words. Jajcayova et ah [4] have characterized generalized 
pseudostandard words in the class of generalized Thue-Morse words. Jamet et ah [5] 
deal with fixed points of the palindromic and pseudopalindromic closure and formulate 
an open problem concerning fixed points of the generalized pseudopalindromic closure. 
The most detailed study of generalized pseudostandard words has been so far provided 
by Blondin Masse et ah [1]: 

• An algorithm for normalization over binary alphabet is described. This algorithm 
transforms the directive bi-sequence in such a way that the obtained word remains 
unchanged and no pseudopalindromic prefix is missed during the construction. 

• An effective algorithm - the generalized Justin’s formula - for producing generalized 
pseudostandard words is presented. 

• The standard Rote words are proven to be generalized pseudostandard words and 
the inhnite sequence of antimorphisms that generates such words is studied. 

In this paper we provide a sufficient and necessary condition for periodicity of general¬ 
ized pseudostandard words over binary and ternary alphabet. More precisely, we describe 
how the directive bi-sequence of a generalized pseudostandard word has to look like in 
order to correspond to a periodic word. 

The text is organized as follows. In Section 2 we introduce basics from combinatorics 
on words. In Section 3, the generalized pseudopalindromic closure is defined, the normal¬ 
ization algorithm over binary alphabet from [1] is recalled and some new partial results on 
normalization over ternary alphabet are provided. The main results are presented in the 
following two sections. A sufficient and necessary condition for periodicity of generalized 
pseudostandard words is given in Section 4 over binary alphabet and in Section 5 over 
ternary alphabet. Finally, a conjecture concerning a necessary and sufficient condition for 
periodicity over any alphabet is stated in the last section. 

2 Basics from combinatorics on words 

Any finite set of symbols is called an alphabet A, the elements are called letters. A (finite) 
word w over A is any hnite sequence of letters. Its length |t(;| is the number of letters it 
contains. The empty word - the neutral element for concatenation of words - is denoted 
£ and its length is set |£| = 0. The symbol A* stands for the set of all finite words over A. 
An infinite word u over A is any inhnite sequence of letters. A hnite word w is & factor 
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of the infinite word u = uqUiU^ ■ ■ ■ with m, G ^ if there exists an index z ^ 0 such that 
w = UiUi+i... Ui+\w\-i- Let u,v,w G A*, then for w = uv we mean by wv~^ the word u 
and by u~^w the word v. The symbol /l(u) is used for the set of factors of u and is called 
the language of u, similarly £n(u) stands for the set of factors of u of length n. 

Let tc G /l(u). A left extension of w is any word aw G /l(u), where a E A. The factor w 
is called left special if w has at least two left extensions. The (factor) complexity of u is 
the map Cu : N —)■ N dehned as 

Cu(?^) = 

The following results on complexity come from [8]. If an inhnite word is eventually 
periodic, i.e., it is of the form wv^, where w,v are hnite words {w may be empty - in 
such a case we speak about a purely periodic word) and u denotes an inhnite repetition, 
then its factor complexity is bounded. An inhnite word is not eventually periodic - such 
a word is called aperiodic - if and only if its complexity satishes: C{n) ^ n + 1 for all 
n G N. If an inhnite word u contains for every length n a left special factor of length n, 
the complexity is evidently strictly growing, hence u is aperiodic. An inhnite word u is 
called recurrent if each of its factors occurs inhnitely many times in u. It is said to be 
uniformly recurrent if for every n G N there exists a length r{n) such that every factor of 
length r(n) of u contains all factors of length n of u. 

An involutory antimorphism is a map d \ A* ^ A* such that for every v,w E A* 
we have 'd(ntc) = 'd{w)'d{v) and moreover equals identity. It is clear that in order to 
dehne an antimorphism, it suffices to provide letter images. There are only two involutory 
antimorphisms over the alphabet {0,1}: the reversal (mirror) map R satisfying R{0) = 
0, R{1) = 1, and the exchange antimorphism E given by E{0) = 1, E{1) = 0. We 
use the notation 0 = 1 and 1 = 0, E = R and R = E. There are only four involutory 
antimorphisms over the alphabet {0,1, 2}: the reversal map R satisfying i?(0) = 0, R{1) = 


1, i?(2) = 2, and three exchange antimorphisms Eq 

, El, E 2 given by 

Eo{0) = 0, 

Eo{l) = 2, 

Eo{2) = 1 

L^i(O) =2, 

Ei{l) = l, 

^i(2) = 0 

E2{0) = 1, 

E2{1) = 0, 

^ 2 ( 2 ) = 2 . 


Consider an involutory antimorphism -d over A. A hnite word tc is a palindrome if 
w = 'd{w). The d-palindromic closure w’^ of a word w is the shortest d-palindrome having 
w as prehx. For instance, over binary alphabet 011^ = 0110, 011'® = 011001. We speak 
about the palindromic closure if d = R and the pseudopalindromic closure if we do not 
need to specify which antimorphism d is used. 


3 Generalized pseudopalindromic closure 

Generalized pseudostandard words form a generalization of inhnite words generated by 
the palindromic or pseudopalindromic closure (see [2, 3, 6, 7] for more details on pseudo¬ 
standard words); such a construction was hrst described and studied in [7]. Let us start 
with their dehnition and known properties; we use the papers [5, 7, 1]. 
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3.1 Definition of generalized pseudostandard words 

Definition 1. Let A be an alphabet and G be the set of all involutory antimorphisms on 
A*. Let A = 6162 . ■ ■ and 0 = '&i'i ^2 ■ ■ ■, where 6i E A and di E G for all z G N. The inhnite 
generalized pseudostandard word n(A, 0) generated by the generalized pseudopalindromic 
closure is the word whose prehxes Wn are obtained from the recurrence relation 

Wn+l = 

Wo = e. 

The sequence A = (A, 0) is called the directive bi-sequence of the word u(A, 0). 

If 0 = -(9“ in the previous dehnition, then we deal with well known pseudostandard 
words. In such a case the sequence (wn)n^o is known to contain all -d-palindromic prehxes 
of n(A, 0). 

We will restrict our considerations to two cases: 

1. binary alphabet A = {0,1}: G = {R, Ej, 

2 . ternary alphabet A = {0,1,2}: G = {R, Eg, Ei, E 2 }, where Eo,Ei,E 2 have been 
dehned in Section 2. 

The following two properties are readily seen from the dehnition of u = u(A, 0): 

• If an involutory antimorphism d is contained in 0 inhnitely many times, then the 
language of u is closed under the antimorphism d. 

• The word u is uniformly recurrent. 

3.2 Normalization over binary alphabet 

In contrast to pseudostandard words, the sequence (wn)n^o of prehxes of a binary gen¬ 
eralized pseudostandard word u(A, 0) does not have to contain all palindromic and E- 
palindromic prehxes of u(A,0). Blondin Masse et ah [1] have introduced the notion of 
normalization of the directive bi-sequence. 

Definition 2. A directive bi-sequence A = (A, 0) of a binary generalized pseudostandard 
word n(A, 0) is called normalized if the sequence of prehxes (wn)n^o of u(A, 0) contains 
all palindromic and T'-palindromic prehxes of u(A, 0). 

Example 3. Let A = (A, 0) = ((011)^^, [EERY). Let us write down the hrst prehxes of 
u(A,0): 

wi = 01 

W2 = 011001 
^3 = 01100110 
Wi = 0110011001 . 

The sequence Wn does not contain for instance palindromic prehxes 0 and 0110 of u(A, 0). 
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The authors of [1] have proven that every directive bi-sequence A can be normalized, 
i.e., transformed to such a form A that the new sequence {wn)n^o contains already all 
palindromic and i?-pahndromic prefixes and A generates the same generalized pseudo¬ 
standard word as A. 

Theorem 4. Let A = (A, 0) be a directive bi-sequence of a binary generalized pseudo¬ 
standard word. Then there exists a normalized directive bi-sequence A = (A, 0) such that 
u(A, 0) = u(A, 0). 

Moreover, in order to normalize the sequence A, it suffices firstly to execute the fol¬ 
lowing changes to its prefixes (if they are of the corresponding form): 

• {ad, RR) ^ {ada, RER), 

• {a\ R^~^E) —)■ (a*a, R^E) for i ^ 1, 

• {ahdd, RhEE) —)■ {ahdda, R‘‘ERE) for i^ I, 

and secondly to replace step by step from left to right every factor of the form: 

• {abb,'d'd'&) ^ {abbb,'d'&'d'd), 
where a,b & {0,1} and G {E, R}. 

Example 5. Let us normalize the directive bi-sequence A = ((011)'^, {EER)^) from 
Example 3. According to the procedure from Theorem 4, we transform Erst prefixes of A. 
We replace {0,E) with {01, RE) and get Ai = {01{110)‘^, RE{ERE)‘^). Some prefixes of 
Ai are still of a forbidden form, we replace thus the prefix (Oil, REE) with (0110, RERE) 
and get A 2 = (0110(101)‘^, RERE{REE)'^). Prefixes of A 2 are now correct. It remains to 
replace from left to right the factors (101, REE) with (1010, RERE). Finally, we obtain 
A = {0110{1010)''^, RERE{RERE)'^) = (Ol(lO)'^, (i?i?)‘^), which is already normalized. 
Let us write down the first prefixes {wn)n^o of u(A): 

-uii = 0 
W 2 = 01 
W 2 , = 0110 

Wi = 011001 . 

We can notice that the new sequence {wn)n^o now contains the palindromes 0 and 0110 
that were skipped in Example 3. 

3.3 Normalization over ternary alphabet 

A normalized directive bi-sequence can be defined similarly as in Definition 2 over multi- 
literal alphabet. In contrast to binary alphabet, over ternary alphabet it is still clear that 
every directive bi-sequence may be normalized, however the algorithm for normalization 
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similar to the one over binary alphabet (Theorem 4) has not been found yet. Fortunately, 
in order to prove a sufficient and necessary condition for periodicity of ternary generalized 
pseudostandard words, even some partial results on normalization over ternary alphabet 
suffice. Let us introduce these partial results. 

We will focus on bi-sequences that contain infinitely many times exactly two distinct 
antimorphisms including R. 

Lemma 6. Let the directive bi-sequence (A, 0) of a ternary generalized pseudostandard 
word u contain as its factor {abc,'dRR), resp., {abc^R'd'd), where'd G {Eo,Ei,E 2 } and 
a,b,c G {0,1,2} satisfy d^b) = c. Denote Wn = d{wn), Wn+i = R{wn+i) and Wn +2 = 
R{wn+ 2 ), resp., Wn = R{wn), w^+i = d{wn+i) and Wn+2 = d{wn+ 2 ), the corresponding 
pseudopalindromic prefixes of u. Then between the pseudopalindromic prefixes Wn+i and 
Wn +2 of the word u there is a d-palindromic, resp., palindromic, prefix w of u followed by 
the letter b. 

Proof. Consider the first case, i.e., {abc,dRR) is a factor of (A,0). The proof of the 
second case is left for the reader since it is analogous. Denote bsb the longest palindromic 
suffix of Wnb. Then Wn = ps, where p is a nonempty prefix of Wn because Wn is a d- 
palindrome while s is a palindrome. We have Wn+i = psRijf). When constructing tc„+ 2 , 
we look for the longest palindromic suffix of Wn+ic. It is easy to see that such a suffix 
is equal to d{b)d{s)c = cd{s)c. We can thus write Wn +2 = psR{p)(d{s)) R{psR{p)) = 
psR{p)(d{s)) ^psR{p). Let us rewrite the word 

w = psR{p)(d{s)'j ^ps, (1) 

which is a prehx of Wn+ 2 - We have 

w = psR{p)(d{s)) ^d{ps) 

= pR{s)R{p)(d{s)) ^d{s)d{p) 

= pR{ps)d{p) 

= d{w). 

We have used the facts: d{ps) = ps, R{s) = s and dR = Rd. Clearly, we have that 
ItCn+il < Iwl < \wn+ 2 \-i therefore the sequence (A, 0) is not normalized and w is the 
searched d-palindromic prefix of u. Since Wn +2 = wR{p) and p ends in b, the word R{p) 
starts in b. Consequently, w is followed by b. □ 

Corollary 7. Under the assumptions of Lemma 6 we have: If the factor {abc,dRR), 
resp., {abc,Rdd), of the directive bi-sequence (A,0) of the word u is replaced with the 
factor [abcb,dRdR), resp., {abcb, RdRd), the same generalized pseudostandard word is 
obtained. 
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Proof. Consider again the first case, i.e., {abc, 'dRR) is a factor of the directive bi-seqnence, 
and let for the reader the second one. Denote Wn = 'd{wn), Wn+i = R{wn+i) and Wn +2 = 
R{wn+ 2 ) the corresponding psendopalindromic prehxes of u. Denote further in the same 
way as in Lemma 6 the skipped "d-palindrome by w. We know that the prefix w is followed 
by the letter b, thus it suffices to show that {wn+icY = w and {wb)^ = Wn+ 2 - 

We will start with the first claim. Assume for contradiction that there exists a "d- 
palindromic prefix vi such that [wn+icY = Vi and |ni| < |tc|. When constructing the d- 
palindrome Ui, we look for the longest 'd-palindromic suffix d{c)vc = bvc of the word Wn+ic. 
It is not difficult to see that |tc„| ^ |n| < |tCn+i|, where the hrst relation follows from the 
fact that bR{wn)c is a d-palindromic suffix of Wn+ic. Moreover, v Y Ripjn) because 
otherwise vi = Wn+i{R{wn))~^'&{wn+i) = w. The easiest way to check this equality is to 
notice that both vi and w are prefixes of u and have the same length according to the form 
of w dehned in (1). Since n is a ■d-palindromic suffix of the palindrome Wn+i, its reversal 
R{v) is a 'd-palindromic prefix between Wn and Wn+i- Since Wn+i is the shortest palindrome 
having the prehx iVnb, it has to satisfy at the same time Wn+i = (wnb)^ = {R{v)b)^. Let 
US however show that this leads to a contradiction. Denote bsb the longest palindromic 
suffix of Wnb and fesh the longest palindromic suffix of R{v)b. Since Wn is a suffix of R{v), 
either |s] > \wn\ or |s] = |s|. If I?] > \wn\, then difs) is a palindromic prefix shorter than 
Wn+i and longer than which is a contradiction. If |s| = |s|, then < |(i?(n)b)^|, 

which is again a contradiction, too. 

It remains to show that (wb)^ = Wn+ 2 - We have {wn+ic)^ = Wn+ 2 , i-e., Wn +2 is the 
shortest palindrome having Wn+ic as prefix. Hence the shortest palindrome with the prefix 
wb has to equal Wn +2 since Wn+ic is a prefix of wb and wb is a prefix of Wn+ 2 - □ 

Example 8. Let us illustrate Lemma 6 and Corollary 7. Assume we have already con¬ 
structed the prehx = 012 of a generalized pseudostandard word. Suppose further that 
the factor (120, EiRR) of the directive bi-sequence follows. It is readily seen that the 
assumptions of Lemma 6 are met (in particular we have Ei{2) = 0). Let ns write down 
the prehxes Wk+i, Wk +2 and Wk+s- 

Wk+i = 0121012 , 

Wk+2 = 01210122101210, 

Wk+3 = 0121012210121001210122101210 . 

It is evident that between the prehxes Wk +2 and Wk +3 there is an Ei-palindrome 

012101221012100121012 

followed by 2. Corollary 7 moreover states that the generalized pseudostandard word 
remains the same if we replace the factor (120, EiRR) of the directive bi-sequence with 
the factor (1202, EiREiR) - the reader can check it easily. 

Corollary 9. Let the directive bi-sequence A = (A, 0) of a ternary generalized pseu¬ 
dostandard word u satisfy: The sequence 0 = 'di'd 2 ■ ■ ■ contains infinitely many times 
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exactly two distinct antimorphisms -d and R. The sequence A = 8182 ■ ■ ■ contains in¬ 
finitely many times two (not necessarily distinct) letters a,b such that = b. Let 
further the bi-sequence A satisfy: There exists tt-o G N such that for all n > Uq we have: 
either 


dn = 'd ^ 8n+i = o and 'dn = R ^ 8n+i = b, (2) 

or 

dn = 'd ^ 8n+i = b and dn = R ^ 8n+i = a. (3) 

Then there exists a directive bi-sequence A = (^v{ab)‘^, a{R'd)‘^), where v G {0,1,2}*, 
a G {Eq, El, E 2 , R}*, such that u(A) = u(A). 

Proof. We can certainly find m > uq snch that the seqnence 0 contains - starting from the 
index m - exactly two antimorphisms d and R (both of them inhnitely many times) and 
the seqnence A contains - starting from the index m - only letters a and b (not necessarily 
distinct). Let ns hnd i > m satisfying di = R and = d. Using assnmptions of 
Corollary 9, we get = b and hf +2 = a (we assnme withont loss of generality that the 
antimorphism R is followed by the letter b). We have thns fonnd a factor of the directive 
bi-seqnence of the form {cba,Rd(i) for some c G {a,b} and Ci G { 1 ?,/?}. If now Ci = d, 
the assnmptions of Corollary 7 are met, and conseqnently this factor may be replaced 
with the factor {cbab, RdRd) and we get the same generalized psendostandard word. If 
Cl = R, then 5^+3 = b and we get again a factor of the directive bi-seqnence of the form 
{cbab, RdR(( 2 ) for some C 2 G i?}, etc. A formal proof by indnction is left as an exercise 
for the reader. Finally, we set n := ... ^£+1 and a ■.= di... □ 

At this moment, we know that if a directive bi-seqnence satishes the assnmptions of 
Lemma 6, it is not normalized. The remaining qnestion is whether the new bi-seqnence 
whose existence is guaranteed by Corollary 9 is normalized (at least from a certain moment 
on). A partial answer to this question is provided in the following lemma. 

Lemma 10. Let the directive bi-sequence A = (5ih2 • • • , did 2 • • •) of a generalized pseu¬ 
dostandard word u be of the form A = {v{ab)‘^, a{Rd)‘^), where v G {0,1,2}*, a G 
{Eq, El, E 2 , R}* and |n| = \a\, d G {Eq, Ei, E 2 } and a,b E {0,1, 2} such that d{a) = b. 
Then for all n > hq = |n| the sequence {wn)n>no contains all palindromic, resp., d- 
palindromic, prefixes of length larger than |tCnol of the word u followed by the letter b, 
resp., a. 

Proof. Assume for contradiction that there exists n > Uq such that between the prehxes 
Wn = d{wn) and Wn+i = R{wn+i) (the converse case is analogous) another pseudopalin- 
dromic prehx w occurs: 

• Either tc is a palindrome. This is a contradiction with the fact that Wn+i is the 
shortest palindrome having Wna as prehx. 
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• Or ty is a '(9-palindrome followed by a (consider the shortest such w). Denote asa 
the longest palindromic suffix of and asa the longest palindromic suffix of wa. 
Since Wn is a suffix of w, either |s| > \wn\ or |s] = |s|. If |s| > |rc„|, then dis) is 
a palindromic prefix shorter than Wn+i and longer than Wn, which is a contradiction. 
If |s] = |s|, then |(t(;„a)^| < \{wa)^\. Since Wn+i is the shortest palindrome having 
the prefix Wna, it has to satisfy at the same time Wn+i = {wnO)^ = (wa)^, and this 
is again a contradiction. 


□ 

4 Periodicity of binary generalized pseudostandard 
words 

Our first new result concerning generalized pseudostandard words is a necessary and suf- 
hcient condition for their periodicity over binary alphabet. We thus consider throughout 
this section binary inhnite words. 

Theorem 11. A binary generalized pseudo standard word u(A, 0), where A = ^ 1^2 • • • G 
{0,1}^ and 0 = 'di'd 2 • • • G {E, R}^, is periodic if and only if the directive bi-sequence 
(A, 0) satisfies the following condition: 

(3a G {0,1})(3'(9 e {E, i?})(3no G Id)(Vr(, > no,n e N)(hn+i = a idn = id). (4) 

Remark 12. The condition for periodicity may be rewritten in a slightly less formal way: 
u(A, 0) is periodic if and only if there exists a bijection tt : {E, i?} —)■ {0,1} such that 
7r('dn) = 6 n+i for all sufficiently large n. 

Let us point out that generalized pseudostandard words are either aperiodic or purely 
periodic - it follows from the fact that they are recurrent. 

In order to prove Theorem 11 we need the following lemma and remark. 

Lemma 13. Let (A,0) be a normalized directive bi-sequence of a generalized pseudostan¬ 
dard word. Assume (A, 0) satisfies condition (4) and both E and R occur in 0 infinitely 
many times. Then there exist 

V G {0,1}*, o G {E, R}*, a,b e {0,1}, i9 G {E, R}, z G N 

such that 

A = vba\aa)'^ and 0 = {id'd)‘^ and \iy\ = \a\. 

Proof. Let us set zz = (5i ... Sno and a = idi.. .idng. Let us further denote b = hno+i 
and id = "(^no-i-i- Since the directive bi-sequence satisfies condition (4), the same letter 
(say a) has to follow d. Since both E and R occur in 0 infinitely many times, d is 
repeated only hnitely many times (say z -|- 1 times), i.e., dno+i = ... = dno+i+i = d and 
dno+ 2 +i = d. According to (4) we have 6 no +2 = ... = dno+ 2 +i = a and 5„o+3+i = d. By 
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Theorem 4 a normalized directive bi-sequence cannot contain the factor {cdd, 777 ) for any 
c,dE {0,1}, 7 G {E,R}. Consequently, dno+s+i = "d- Consider now the prefix of (A,0) 
of the form Then again by Theorem 4 and using (4), the 

prefix of (A, 0) of length |Afc| -|- 2 is equal to Afc+i. □ 

The following remark follows easily from Theorem 4. 

Remark 14. Let a directive bi-sequence of a generalized pseudostandard word satisfy 
condition (4). Then the corresponding normalized bi-sequence satishes condition (4). 

Proof of Theorem 11. (<^=) : 

1. Assume that the sequence 0 contains both E and R infinitely many times. Let us 
normalize A = (A, 0) and denote the new directive bi-sequence by A. By Remark 14 
the sequence A satishes condition (4). Applying Lemma 13 it is possible to write 
A = (il(aa)‘^, a('d'd)^), where \i)\ = |cr|. Without loss of generality suppose that 
a = 6*id. (Otherwise we would extend the sequence T> and a by two consecutive 
members.) Set uq = \'d\. We will show that for all n > uq there exists /c G N such 
that either 

Wn = Wn^[{w-lWno+i)M{w-lWn^+i)f, (5) 

or 

Wn = ( 6 ) 

where (tCn)nSso is the sequence of prehxes associated with u(A) (we omit tildes for 
simplicity). It follows then directly from these forms that 

Wn^+ldd{w-lWno+l)w-l (7) 

is the period of the generalized pseudostandard word u(A, 0). 

It is not difficult to show that if Wn is of the form (5), then Wn = d{wn). It suffices to 
take into account that dn^ = d and therefore 'd{wno) = Wn^ and divOnQ+i) = 'ir'no+i- 
Similarly, if Wn is of the form (6), then Wn = d^Wn). 

Let us proceed by induction: Wn^ and Wn^+i are of the form (5) or (6) - it suffices 
to set k = 0. Let n > uq -|- 1 and assume wi is of the form (5) or (6) for all £ G N, 
where uq + 1 < i ^ n. 

• Let Wn be of the form (5). Then Wn = diwn) and by condition (4), we have 

5n+i = a. When constructing tCn+i, we search for the longest ■d-palindromic 

suffix of WnCi. Since A is normalized, the longest d-palindromic prefix of Wn 
is Wn-i, and consequently the longest ■d-palindromic suffix of Wn is d^Wn-i). 
Thanks to the form of A = {u{ad)‘^,d{d'd)‘^) we further know that Wn-i is 
followed by d. Since Wn is a ?9-palindrome, the factor d^Wn-i) is preceded by 
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'&{a). Consequently, 'd{a)'d{wn-i)a is a candidate for the longest ■d-palindromic 
suffix of Wntt. On the one hand, if = i?, this candidate equals aR{wn-i)a, 
which is an i?-pahndronie. On the other hand, if -d = i?, then this candidate 
equals aE{wn-i)a, which is an i?-pahndronie. Thus it is indeed the longest 
d-palindromic suffix of Wnd. Using the induction assumption and since Wn-i 
is a d-palindrome, we have: 

Wn = Wno[{w-^Wno+l)lf&{w-^Wno+l)T, 

Wn-1 = Wno[iw-^Wno+l)^^W-^Wno+l)T~\w-^Wno+l)- 

Consequently, we obtain: 

Wn+l = {WnOf = {Wnf^+l'&{w~l)'d{Wn-l)aY = Wn{w~lWnQ+l), 

which corresponds to the form (6). 

• For Wn of the form (6) we proceed analogously. 

2. Let the directive bi-sequence be of the form A = , ad‘^). (In fact, the generalized 

pseudostandard word in question is either an U-standard or an i?-standard word 
with seed as dehned in [2].) It is known in this case that the word is periodic [2], Let 
us rewrite the directive bi-sequence so that \v\ = |cr| and a = did and let tiq = |cr|. 
It can be proven similarly as in the hrst case that for all n > hq there exists /c G M 
such that 

Wn = Wno[w~^Wno+l]’'- ( 8 ) 

Therefore the period of the E- or i?-standard word with seed in question is equal to 

Wno+lWno- 

(=^) : We will show that if condition (4) is not satished, then the generalized pseudostan¬ 
dard word u(A,0) is aperiodic. More precisely, we will show that each of its prehxes 
is a left special factor. Let us restrict ourselves to the case where 0 contains E and R 
inhnitely many times. Otherwise, we deal with E- or i?-standard words with seed and 
the result is known from [2]. The negation of condition (4) reads: for all a G {0,1}, for 
all d G {E, R}, and for all no G M there exists n > Hq such that 

(d„+i = a A = d) V (d^+i = d A d„ = d). (9) 

Let n be a prehx of u(A, 0). Firstly, take a = 0, d = i?, and no > jt’l, then there exists 
rii > no such that (dm+i = 0 A d„^ = E)\J = 1 A d„^ = R). Secondly, choose a = 1, 

d = i?, and no > |n|, then there exists n2 > no such that (dn2+i = 1 Ad„2 = E)\J (dn2-i-i = 
0 A d„2 = R)- The following four cases may occur: 

• dni+i = 0, 'dni = E and 5 n2+i = 1, d^j = E: In this case, both and Wn 2 are E- 
palindromes, thus E{v) is a suffix of both of them. Since dni+i = 0 and dn 2 +i = 1) 
the words E{v)0 and E{v)l are factors of u(A,0). Since the language is closed 
under E, both Iv and On are factors of u(A, 0). 
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• 5 ni+i = 0, = E and ^,12+1 = 0) '^n2 = R- Now, E{y) has the right extension 

E{v)0 and R{v) has the right extension R{v)0. Using the fact that the langnage is 
closed nnder E and R, one can see that both In and On are factors of u(A, 0). 

• 5ni+i = 1, '*^ni = R and 5^2+1 = 1, '&n 2 = R- This case is analogons to the previons 
one. 

• = 1, 'dni = R and Sn^+i = 0, 'd „2 = R- This case is similar to the first one. 


□ 

Example 15. Consider the directive bi-sequence A = ((011)‘^, {EER)‘^) from Example 3. 
This sequence satisfies condition (4). According to Remark 14 the normalization of the 
directive bi-sequence preserves condition (4). It follows from Example 5 that the normal¬ 
ized form of the directive bi-sequence is A = (01(10)'^, RE{RE)‘^). Let us write down the 
first prefixes Wk of u(A); 

tni = 0 
W2 = 01 
W3 = 0110 
W4 = 011001 
W5 = 01100110 
We = 0110011001. 

In the proof of Theorem 11, the formula for the period (not necessarily the smallest one) 
of u(A) was given by (7); 

Wno+llR&{w-^Wno+l)w-^, 

where d = E, uq = 2, Wno = W 2 , and Wno+i = W 3 . Thus the period equals 0110 = W 3 . 
Therefore u(A) = u(A) = (0110)'^. 

5 Periodicity of ternary generalized pseudostandard 
words 

For ternary generalized pseudostandard words, straightforward analogy of the binary case, 
i.e., of condition (4) from Theorem 11, does not work. 

Example 16. Consider the ternary inhnite word u = u((01)‘^, {REi)‘^). It is easy to 
show that any prefix p of u is left special - both Ip and 2p are factors of u, thus u is an 
aperiodic word. 

The condition for periodicity gets more complicated. 

Theorem 17. Let u = u(A, 0) be a ternary generalized pseudostandard word over 
{0,1,2}. Then u is periodic if and only if one of the following conditions is met: 
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1. The sequences A and 0 are eventually constant, i.e., A = vat^ for some v G 
{0,1,2}* and a G {0,1,2} and 0 = a'd‘^ for some a G {Eq, Ei, E 2 , R}* and 
id G {Eo, El, E 2 , R}■ 

2. #0 contains exactly two antimorphisms id and R infinitely many times; 

• A contains two (not necessarily distinct) letters a and b infinitely many times 
such that id(a) = b; 

• there exists rig G N such that for every n > uq we have either 

idn — 'd ^n+1 — a f\ idn — R dn-\-\ — b, 


or 

idn — 'd dn-\-\ — b A 'dn — R <^n+l — 

3. The normalized directive bi-sequence (A, 0) of u satisfies 

{A,Q) = {v{tjkr,a{EkE^E,r), 

where v G {0,1,2}*, a G {Eq, Ei, E 2 , R}*, jt’l = \a\, and i,j,k G {0,1,2} are 
mutually different letters. 

It is worth mentioning that for bi-sequences containing more antimorphisms including 
R, Theorem 17 provides an easy-to-check condition for recognizing periodicity, however 
for other bi-sequences containing more antimorphisms, it is not too practical since the 
algorithm for normalization is not known over ternary alphabet. 

Example 18. Consider A = (0(211)^^, [REqEqY). Since i7o(l) = 2, the second condition 
of Theorem 17 is satished. Let us write down the hrst few prehxes Wn of u: 

tci = 0 

W 2 = 0210 

W 3 = 0210120210 

Wi = 0210120210120 . 

It is left for the reader to show that u = (021012)^^. 

Example 19. Consider A = ((102)^^, {E 2 EQE 1 Y) . The third condition of Theorem 17 is 
satished. Let us write down the hrst few prehxes Wn of u: 


wi = 10 

W 2 = 1002 

W 3 = 100221 

Wi = 10022110 

W 3 = 1002211002 . 

It is not difficult to see that u = (100221)'^. 


( 10 ) 
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In order to make the proof of Theorem 17 as comprehensible as possible, let us distin¬ 
guish several cases according to the number of antimorphisms occurring infinitely many 
times in the directive bi-sequence. We will consider them in the following three sections. 
Putting then the results of Sections 5.1, 5.2 and 5.3 together, one obtains immediately 
the proof of Theorem 17. 

5.1 Directive bi-sequences containing one antimorphism 

Let us start with the simplest case, where 0 contains only one antimorphism inhnitely 
many times. 

Lemma 20. Let the directive bi-sequence A = (A, 0) be of the form A = (A, for 
some a G {Eq, Ei, E2, R}* and d G {Eq, Ei, E2, R}■ Then the word u = u(A,0) is 
periodic if and only if A = va‘^ for some v G {0,1, 2}* and a G {0,1, 2}. 

Proof. (^): Assume the sequence A contains infinitely many times two distinct letters, 
say a and b. Then the antimorphism d is followed infinitely many times by both letters a 
and b. This implies that every prehx of u is a left special factor. Therefore u is aperiodic. 
(<^=): Let A = {va‘^,ad‘^). Denote no = max{|n|, |(t|}. Then Wno+2 = psd{p), where 
d{a)sa is the longest -d-palindromic suffix of the word Wno+ia. Let us now construct 
Wno+s- The longest 'd-palindromic suffix of Wno+20- equals d{a)wno+ia = d{a)sd{p)a. We 
have used the fact that tCno+i = ps = d{ps) and s = d{s) and that by the form of A, the 
factor Wno+i is evidently the longest d-palindromic prefix of Wno+2 followed by a. Thus 
Wno+3 = ps{d{p)y. Repeating this process we get u = ps{d{p))‘^. 

□ 


5.2 Directive bi-sequences containing two antimorphisms 

Let us consider directive bi-sequences (A,0), where 0 contains infinitely many times 
exactly two distinct antimorphisms. The first lemma holds for any two antimorphisms, 
while in the sequel we will consider bi-sequences, where one of the antimorphisms equals R. 

Lemma 21. Let the directive bi-sequence A = (A, 0) satisfy: A contains infinitely many 
times all letters 0,1,2 and 0 contains infinitely many times exactly two antimorphisms 
di,d 2 G {Eq, El, E 2 , R}. Then the word u = u(A, 0) is aperiodic. 

Proof. Thanks to the form of A it is possible to choose two sequences of indices, say 
and {in)'{f=i, such that for all n G N there exist two distinct letters hi, 62 and an 
antimorphism d satisfying Sk„ = hi, h^^ = 62 and dk„-i = = d. In other words, the 

same antimorphism is followed infinitely many times by two distinct letters. This implies 
that every prefix of u is left special. □ 

Proposition 22. Let the directive bi-sequence A = (A, 0) of a ternary generalized pseu¬ 
dostandard word u satisfy: The sequence 0 = did 2 ■ ■ ■ contains infinitely many times ex¬ 
actly two distinct antimorphisms d and R. The sequence A = hih 2 • • • contains infinitely 
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many times two (not necessarily distinct) letters a and b. Then the word u = u(A, 0) is 
periodic if and only if the directive bi-sequence (A,0) satisfies: = b and there exists 

77-0 G N such that for all n > uq either 

dn = ^ dn+i = CL and dn = R ^ dn+i = b, (11) 


or 


dn = d ^ 6n+i = b and dn = R ^ dn+i = cl- 


( 12 ) 


Proof. (^): 

1. If neither (11) nor (12) is met, then the letters a and b are necessarily distinct and 
it happens inhnitely many times that the same antimorphism is followed by two 
distinct letters. This implies that every prehx of u is left special. 

2. Assnme withont loss of generality that condition (11) is satished. If d{a) ^ b, 
then every prehx of u is left special: Let n be a prehx of u. Let v be contained 
in the prehx = R{wk), where k > n^. Then by condition (11) w^b G A(u), 
conseqnently R{b)R{wk) = bwk G >C(u). Let us similarly hnd i, where £ > hq, such 
that n is a prehx of wi = d{wi). Then wia G A(u), and consequently d{a)d{wi) = 
d{a)wi G >C(u). Thanks to the assumption that d{a) ^ b, the prehx n is a left 
special factor of u. 

(4=): According to Corollary 9 we can assume without loss of generality that A = 
{v{ab)‘^, a{Rd)‘^), where v G {0,1,2}*, cr E {Eq, Ei, E 2 , R}* and |n| = |(t|. Denote 
no = |cr|, i.e., Wng+i = R{wno+i) and Wno+2 = d{wno+2)- Denote further d{b)sb = asb 
the longest -d-palindromic suffix of the word Wno+ib. We can thus write zCno+2 = psd{p) = 
pd{s)d{p) = pd{ps) for some prehx p of the word Wn^+i- Thanks to Lemma 10, the 
factor WnQ+i is the longest palindromic prehx of Wno+2 followed by the letter b, there¬ 
fore d{b)d{wno+i)a = ad{wno+i)a = ad{ps)a is the longest palindromic suffix of the word 
Wno+2Ci‘- Consequently, we have tCno+3 = pd{ps)R{p) = psd{p)R{p). Let us show by 
induction that for all /c ^ 1 the following holds: 


Wno+2k-l=ps{d{p)R{p)f \ 

(13) 

WnQ+2k = ps{d{p)R{p)f~^d{p). 

(14) 


For k = 1 the relations (13) and (14) hold. Let them hold for some k ^ 1. Then 
Wno+ 2 k+i = {wnQ+ 2 ko)^. We kuow that d{wno+ 2 k-i) is a palindromic suffix of the word 
Wno+ 2 k preceded by the letter a = d{b) and, thanks to Lemma 10, this suffix is the longest 
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palindromic suffix of the word tCno+ 2 fc preceded by the letter a = 'd(6). It follows: 

^no+2fc+l (^no+2fc®) 

= {ps{'d{p) R{p))’^~^'&{p)a)^ 

= {pd{Wno+2k-l)a)^ 

= p'd{Wno+2k-l)R{p) 

= ps{'&{p)R{p))'^. 

Similarly, R{wno+ 2 k) is the longest ■d-palindromic suffix of the word Wno+ 2 k+i preceded by 
the letter R{a) = a. 

^no+2(fc+l) (^no+2fc+l^) 

= {ps{d{p)R{p)fhY 
= {pR{Wna+2k)hY 
= pR{Wna+2k)^{p) 

= ps{'&{p) R{p)Y'd{p). 

For arbitrary k ^ 1 the factor Wno+ 2 k-i is a palindrome and is of the form (13), hence u 
is periodic with the period R{'(}{p)R{p)) = pR'd{p). □ 

Let us describe all combinations of antimorphisms and letters from Proposition 22 for 
which a periodic word occurs, i.e., for which either condition (11) or condition (12) is met 
and at the same time '&{a) = b. 



= R^ 6n+l 

= 0 

and 

3 

= Eq 


bn+l 

= 0, 

'3 

= R =)> bn-\-\ 

= 1 

and 

3 

= -E-o 


^n+1 

= 2, 

3 

= R =)> 5n+l 

= 2 

and 

3 

= Eq 


^n+1 

= 1, 

3 

= R^ 5n+l 

= 1 

and 

3 

= E, 


bn+1 

= 1, 

3 

= R =)> bn+\ 

= 0 

and 

3 

= E, 


bn+1 

= 2, 

3 

= R =)> bn+\ 

= 2 

and 

3 

= E, 


bn+1 

= 0, 

3 

= R^ 5n+l 

= 2 

and 

3 

= E 2 


bn+1 

= 2, 

3 

= R^ 5n+l 

= 0 

and 

3 

= E 2 


bn+1 

= 1, 

3 

= R (5n+l 

= 1 

and 

3 

= E 2 


^n+1 

= 0. 
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Example 23. Consider the directive bi-sequence A = , R{EqEqR)‘^). According 

to Corollary 9 we construct a new bi-sequence A = {02{12)‘^, REq^REq)^^) such that 
u(A) = u(A). Let us write down the hrst few prehxes of u(A): 

Wi = 0 

W2 = 0210 
W3 = 0210120 

= 0210120210 
W5 = 0210120210120 . 

Using the notation from the proof of Proposition 22 we have Wno+i = s = 0120 and 
p = 021. The period of the word u(A) is therefore equal to pREq{p) = 021012, i.e., 
u(A) = (021012)^. 

5.3 Directive bi-sequences containing three or four antimor- 
phisms 

Let us now treat the remaining bi-sequences. At hrst, we show that all generalized 
pseudostandard words having in their directive bi-sequence inhnitely many times three or 
four antimorphisms such that one of them equals R are aperiodic. 

Proposition 24. Let u = u(A, 0), where 0 contains infinitely many times three or four 
antimorphisms including R. Then the word u is aperiodic. 

Proof. Assume without loss of generality that the bi-sequence (A, 0) is normalized. (It 
is easy to see that a normalized form always exists and the original bi-sequence is its 
subsequence.) Assume now for contradiction that the word u is periodic. It holds then: 

1. There exists no such that for all n > no the following conditions are satished: 

• 'dn — R 

• {in ~ Ei (5n+l ~ b, 

• ^n = Ej 5n+l = C, 

• alternatively dn = E^ ^ Sn+i = d] 

2. moreover a = R{a) = Ei{h) = Ej{c)(= Ek{d)), 

where 0 = 'di'd 2 • • •, A = 8182 ■ ■ ■, a,b,c,i, j, k G {0,1, 2} and i, j, k are mutually different 
indices. If at least one of the above conditions is not met, then it can be easily shown 
that every prehx of u is left special, and the word u is thus aperiodic. 

Consider i G {0,1,2} such that REi occurs inhnitely many times in 0. Denote 
(e„a, REe), n > no, the corresponding factors of the bi-sequence (A, 0). Denote Wm^ the 
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corresponding palindromic prefixes and the corresponding E'^-palindromic prefixes 

and let e denote the letter that follows the iJ^-palindromes n’m+i- Let ns now stndy the 
form of n^m+ 2 - L holds that the longest palindromic snffix of the word is thanks to 

the normalized form of the directive bi-seqnence eqnal to E^{a)E^{wm'^)e since according 
to condition 2 we have E^{a) = e. Moreover nsing again the fact that the directive bi- 
seqnence is normalized, the factor Ei{a)Ei{wm'^)e is the longest 'd-palindromic snffix of 
the word for any antimorphism ■d. 

There exists ni > uq snch that for all n > rii the factor is a palindrome. Snppose 
that snch an index ni does not exist. It means that for infinitely many indices n, when 
constrncting look for a shorter d-palindromic snffix of the word than 

its palindromic snffix Ee{a)Ei{wm'^)e. If we now extend the longest snffix Ei{a)Ei{wm'^)e 
stepwise by one letter to the right and one letter to the left so that the obtained word 
remains a palindrome, we get a palindrome that is snrronnded by distinct letters 
from right and from left. Since /l(u) is closed nnder the antimorphism i?, the factor 
is a bispecial factor and the word u is aperiodic, which is a contradiction. 

Similarly, it is possible to show that there exists n2 > ni snch that for all n > n2 the 
factor tCm +3 is an palindrome. 

The above argnments imply that 0 = a{REiY for some a G {R, Eq, Ei, E 2 }*, which 
is a contradiction. □ 

Example 25. Since the constrnction of bispecials from the previons proof is qnite 
complicated, let ns illnstrate it on an example. Consider u = u((210)‘^, (EqEiRY) . This 
bi-seqnence is not normalized, however it serves as a simple example for illnstration of 
the previons proof. Let ns write down the first five prefixes: 


wi = 21 

W2 = 2110 

W 3 = 21100112 

W4 = 21100112200221 

W 5 = 211 00112200221100 22001122110 . 

Indeed, Eq^ws) = 12200221 is a palindromic snffix of W 4 that may be extended stepwise so 
that the obtained word s = 00112200221100 is still a palindrome. The word s is nnderlined 
in the prefix W5. Moreover, we can see that s cannot be extended as a palindrome any 
more since the next factor is ls2. The langnage /l(u) is closed nnder R, therefore 2sl 
is a factor of u, too. Since we work in the proof of Proposition 24 with a normalized 
bi-seqnence, it is gnaranteed that s cannot be extended to a prefix of u. In snch a case s 
wonld be a skipped palindromic prefix of u. 

In order to treat the remaining directive bi-seqnences in the last proposition, the 
following remark and corollary are needed. 
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Remark 26. For i,j, k G {0,1, 2} mutually different, we have EiEjE^ = Ej. 

Corollary 27. Let for some i G {0,1, 2} and v G {0,1, 2}* hold v = Ei{v). Let further 
j,k G {0,1,2} be such that i,j,k are mutually different. Then Ej{v) = E^Ejiv), i.e., 
Ej{v) is an Ek-palindrome. 

Proposition 28. Let u = u(A, 0) be a ternary generalized pseudostandard word, where 
0 contains infinitely many times Ei, Ej, or Ei, Ej, Ek with i,j, k mutually distinct. Then 
u is periodic if and only if 

(A, 0) = {v{zjkr, a{E,EkEfi^), (15) 

where (A, 0) is the normalized form o/(A,0), v G {0,1,2}*, a G {Eq, Ei, E 2 , R}* and 
|u| = |cr|. 

Proof. (^): Suppose that the normalized bi-sequence is not of the form (15). We will 
show that u = u(A, 0) is aperiodic. Assume: 

1. There exists Uq such that for all n > uq the following conditions are satisfied: 

• = Ei^ 5n+i = a, 

• 'dn — Ej dn-\-\ = b, 

• alternatively tin = E^ ^ Sn+i = c; 

2. moreover Efia) = Ej{h)(= Ek{c)), 

where 0 = 'di'd 2 • • •, A = 8182 ■ ■ ■, a,b,c,i, j, k G {0,1, 2} and i, j, k are mutually different 
indices. If at least one of the above conditions is not met, then it can be easily shown that 
every prefix of u is left special. Since condition (15) is not met, two possibilities occur: 

• The bi-sequence (A, 0) contains infinitely many times the factor {def, EiEgEg) for 
some d, e, f,£,sG {0,1, 2} and £, s mutually distinct. Denote Wm\ '^m +2 

the corresponding ^^-palindromic prefixes. Thanks to Corollary 27 and thanks to 
the fact that the bi-sequence (A, 0) is normalized, the ift-palindrome Et{f)p^^^f = 
Es{e)Es{wm'^)f, where t is different from £, s, is the longest ■d-palindromic suffix of 
the word (We use the equalities: £’<*(/) = Efie), f = EgEfie), Efif) = 

EtEgEfie) = Eg{e).) However, since w ^]_2 is an ifs-palindrome, another shorter 
■d-palindromic suffix of the word w^]_if has been chosen when constructing wlf]_ 2 . 
This implies that if we extend the i?t-palindrome stepwise by one letter from 
both sides so that the obtained factor is again an i?t-palindrome, we get some Ef- 
palindrome surrounded by two letters g,h satisfying Efig) 7 ^ h. Since A(u) is 
closed under Et, the factor is bispecial and the word u is thus aperiodic. 
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• The bi-sequence (A, 0) contains infinitely many times the factor {def, E^EgEg) for 
some d, e, { 0 ,1, 2 } and i, s mutually different. Analogously as in the previ¬ 

ous case, we denote Et{f)p^^'’f = Es{e)Es{wm'^)f the longest d-palindromic suffix 
of the word This time, the factor tCm +2 is an i?£-palindrome. Consequently, 

another suitable shorter d-palindromic suffix of the word has been chosen 

when constructing tCm+ 2 - We can hence find exactly as above bispecial factors, thus 
the word u is aperiodic. 

To sum up, we get 0 = a{EiEjEk)‘^ and the form of A follows from conditions 1 and 2 . 
(4=): Assume without loss of generality that the normalized directive bi-sequence is of 
the form (A,0) = {v{102)‘^,a{EQEiE2)‘^). Denote \v\ = |cr| = Uq. Then we have 
Wno+i = ps, where 2s0 is the longest i?i-palindromic suffix of the word tc„(,+i0. It 
follows that Wno+2 = psEi{p). Thanks to the fact that the bi-sequence is normalized 
and thanks to Corollary 27, the longest i 72 -palindromic suffix of the word WnQ+ 2‘2 equals 
Ei{Q)Ei{wno+i)‘2 = 2Ei{ps)2 = 2sEi{p)2. Therefore Wno+s = psEi{p)E 2 {p). Similarly, 
the longest A'o-palindromic suffix of the word Wno+z^ is equal to E 2 { 2 )E 2 {wnQ+ 2 )^ = 
2E2{psEi{p))l = 2sEi{p)E2{p)l. We obtain Wn^+A = psEi{p)E 2 {p)Eo{p). 

Repeating the previous steps, we get u = ps{Ei{p)E 2 {p)E q{p))‘^, thus u is periodic. □ 


6 Open problems 

We have provided a necessary and sufficient condition for periodicity of generalized pseu¬ 
dostandard words over binary and ternary alphabet. More precisely, we have described 
how the directive bi-sequence of a generalized pseudostandard word has to look like in 
order to correspond to a periodic word. The two cases are surprisingly different - the 
ternary case is not at all a simple generalization of the condition over binary alphabet. 
Over ternary alphabet, it may happen that in order to decide about periodicity using our 
result (Theorem 17), one needs to know the normalized directive bi-sequence. The prob¬ 
lem is that we only know that the normalized form of every directive bi-sequence exists, 
but in contrast to binary alphabet, we have no algorithm for producing the normalized 
directive bi-sequence from a given directive bi-sequence over ternary alphabet. Therefore, 
it is desirable to find such a normalizing algorithm over ternary or even any alphabet. 
Section 3.3 may serve as a hint in such an effort. 

Observing results for binary and ternary alphabet, we have the following conjecture 
for multiliteral alphabet. 

Conjecture 29 (Periodicity of generalized pseudostandard words). Consider an alphabet 
A with = d and G the set of all involutory antimorphisms on A*. Let u(A,0) be 
a d-ary generalized pseudostandard word, where A is a sequence of letters from A and 0 
is a sequence of antimorphisms from G. Then u is periodic if and only if the following 
conditions are met: 

1. The normalized directive bi-sequence is of the form 

(A, 0) = {v5i526^ ..., a'&i'd2'd3 ...), 
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where |v| = |(t| and = 'dj{6j^i) for all i,j G N. 

2. For all i G N, if ty is a ■dj-palindrome, then di+i^w) is a 'dj+ 2 -pahndronie. 

In order to explain that this conjecture is in correspondence with results over binary 
and ternary alphabet, let us write down the statements for periodicity over binary and 
ternary alphabet using the normalized directive bi-sequence. Considering Lemma 13 and 
Remark 14 following Theorem 11, we have the next corollary. 

Corollary 30. Let (A, 0) be the normalized directive bi-sequence of a binary generalized 
pseudo standard word u = u(A, 0). Then u is periodic if and only if one of the following 
conditions is met: 

1. (A, 0) = for some v G {0,1}*, a G {E, R}*, |y| = |cr|, a G {0,1}. 

2. (A, 0) = {v{aa)‘^, a{RE)‘^) for some v G {0,1}*, a G {E, R}*, |n| = |cr|, a G {0,1}. 

Using Theorem 17, Lemma 6 and Corollary 9, we get the following corollary. 

Corollary 31. Let (A, 0) be the normalized directive bi-sequence of a ternary generalized 
pseudo standard word u = u(A, 0). Then u is periodic if and only if one of the following 
conditions is met: 

1. (A,0) = {va‘^,ad‘^) for some v G {0,1,2}*, a G {Eq, Ei, E 2 , R}*, |n| = \a\, G 
{i^o, El, E 2 , i?} and a G {0,1,2}. 

2. (A, 0) = {v{ab)‘^, a{REiY) for some v G {0,1, 2}*, a G {Eq, Ei, E 2 , R}*, |n| = \(7\, 
i G {0,1, 2} and a,b ^ {0,1, 2}. 

3. (A, 0) = {vfijkY, a{EkEjEiY), where v G {0,1, 2}*, a G {Eq, Ei, E 2 , R}*, |n| = |a| 
and i,j, k G (0,1, 2} are mutually different letters. 

It is necessary to assume in Conjecture 29 that the word u(A, 0) is d-ary if we consider 
the set G of involutory antimorphisms over a d-ary alphabet as illustrated by the following 
example. 

Example 32. Consider A = {0,1, 2 ,3,4} and the following involutory antimorphisms: 

• -£’ 014 ( 0 ) = 0,i7oi4(l) = 1, £' 014 ( 2 ) = 3, £ 014 ( 3 ) = 2, £ 014 ( 4 ) = 4, 

• £ 2 ( 0 ) = 1, £ 2 ( 1 ) = 0, £ 2 ( 2 ) = 2, £ 2 ( 3 ) = 4, £ 2 ( 4 ) = 3, 

• £(0) = 0, £(1) = 1, R{2) = 2, £(3) = 3, £(4) = 4. 

Then u((01)‘^, (£oi 4 £ 2 )‘^) = u((01)‘^, (££ 2 )^) = (01)“^. Hence, we can see that as soon 
as we do not work with a d-ary word (d = 5 in this case), it can happen that the same 
word is obtained using several normalized directive bi-sequences and the conditions from 
Conjecture 29 are not met despite the evident periodicity of the word u. 
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